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Abstract

The stochastic backscatter model of Mason and Thomson (1992) has been analysed using direct numerical simulation
databases of turbulent channel flowRs; = 300. Backscatter is quantified using a number of different filters with cutoffs
at wavenumbers corresponding to an inertial subrange at high Reynolds numbers. Since the model finds greatest application at
meteorological Reynolds numbers, the insptions of using low-Reynoldsumber data are addregs@robability distributions
of the energy transfer obtained both directly from the DNS data and using the stochastic model are compared by matching the
first moments and using a single tuneable constant to ogiamgeement of the variances.id found that tle probability
distributions essentially have the same shape, illustrating the model’s ability to represent the backscatter correctly outside the
viscous sublayer. However, the model consistently underestimates the non-Gaussian behaviour of the energy transfer and some
suggestions have been made to remedy. fisbability distributions of the energyansfer conditional on the square of the
resolved strain rate show that a range of values of transfer exist for one value of strain rate.
0 2004 Elsevier SAS. All rights reserved.
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1. Introduction

Large-eddy simulation (LES) of turbulent flow involves the explicit calculation of the large-scale, resolved motions using
the spatially filtered Navier—Stokes equations. The energy transfer between the resolved scales and unresolved, “subgrid” scales
is modelled. General reviews are provided by Spalart [1] and Jiménez and Moser [2]. The well-founded premise of LES is that
turbulence exhibits a greater degree of universality in the small scales compared with the turbulence field taken as a whole,
and therefore a successful closure, with a wider range of application, is more likely to be achieved by LES than by closures
of the Reynolds-averaged equations. However, a particular difficulty in LES is how best to model the net drain of energy from
the resolved scales to the subgrid scales. Many workers [3—8] have shown that, in fact, the transfer is bi-directional and that
non-linear interactions between the resolved scales and the subgrid scales cause both “forward scatter” (positive transfer out of
the resolved scales) as well as “backscatter”, the reverse transfer of energy from the subgrid to the resolved scales.

Most traditional subgrid modelling is based on the Smagoyimskdel [9] which employs a simple eddy viscosity to relate
the resolved-scale strain rate to the subgrid stresses. Simulation of the interior flow is relatively insensitive to the choice of
subgrid model (Bardina et al. [10], Mason and Brown [11]), since, away from a surface, most of the energy-containing eddies
are resolved and the details of the subgridtions havdittle effect. Thus tle theoretical basis for large-eddy simulation is
reasonably well-founded because the division of the resolvddsahgrid scales can occur in an inertial subrange, resulting
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in a clear distinction between the energy-producing and energy-dissipating scales; ideally, the production should be effected
entirely by the resolved scales and the dissipation by the subgrid scales. In the case of implicit filtering, Muschinski [12] uses
Kolmogorov's theory to define suitable values for the Smagdsircoefficient and to illustrate how its value determines the
relationship between the filter length scale and the mesh size.

However, such models are unable to represent the complieatrgy-transfer processes occurring near surfaces, where all
the eddies are ‘small’ and where backscatter predominatesjé8use, invariably, they use the concept of an eddy viscosity
which is, by definition, absolutely dissipative. A negative value of eddy viscosity can lead to numerical instability. Forward
scatter and backscatter are defined by the filter — they areausssarily the same as the spectral flux of energy in Fourier
space across a given wavenumber. Evidence for the existence of backscatter is provided by the theoretical work of Leslie and
Quarini [14], who suggest that backscatter should be modelled separately from the energy drain. In particular they show that
the backscatter rate in the inertial subrange scales with the mean turbulence dissipatianAratenber of workers [15,16]
have developed subgrid models which are able to represent backscatter. In particular, Mason and Thomson [15], Leith [17]
and Schumann [18] have used the Smagorinsky model as the basis for their subgrid models, but have added random stress
fluctuations which give rise to stochastic backscatter.

The advent of accurate direct numerical simulation (DNS) databases has made possible nhumerous studies on the detailed
nature of the subgrid stresses and energy transfers [5,3,19]: these studies show that, in the viscous sublayer, regions of forward
scatter and backscatter are correlated with the appearano@erent structures which occur intermittently in time and space.
Meneveau [8] has used a wavelet decomposition of the fluctuating part of the velocity field to identify regions of large energy
transfer in sheared homogeneous turbulence. Dunn and Morrison [20-23] have used similar algorithms to investigate the role
of structure in the anisotropy of energy transfer, nearly all of which involves subgrid flux of streamwise momentum in the wall-
normal and spanwise directions. They also show that, consistent with nearly all current subgrid models, the pressure-gradient
term effects negligible energy transfer. Akhavan et al. [24] have shown that spectral energy transfer arises through local as
well as non-local interactions. The non-local interactions lead to forward scatter and therefore are suitably modelled by an
eddy viscosity. However, the local transfers are bi-directional and arise through the presence of organised vortical structures.
This suggests that they are unlikely to be modelled successfully by a stochastic force. Dunn and Morrison [22] find a similar
divison between non-local and local transfers in wall turbulence. Using the dynamic subgrid model, Carati et al. [25] have made
a detailed assessment of stochastic and deterministic models of backscatter in isotropic decaying and forced turbulence: they
suggest that the way in which backscatter is accounted for does not appear to play a major role in the simulations. Experimental
data, which are not restricted to the low Reynolds numbers of DNS data, have also been used to analyse the subgrid stresses and
to evaluate the performance of subgrid models [26,27]. Meneveau [28] has suggested that the low-order statistics of the energy
transfer are a sufficent condition farsubgrid model to be considered sound.

In high-Reynolds-number LES of wall-bounded flows, it is intpat to use an “off-the-surface” boundary condition in order
to avoid resolution of the viscous wall region [29]. For the lack of an alternative, many workers have used the logarithmic law
despite the fact that it does not apply to the time-resolved flow field [30]. Moreover, in the vicinity of the matching region
(that between the surface and the lowest mesh point), the bi-directional transfer of energy between the resolved motion
and the subgrid scales will be large. Therefore a subgrid model with a stronger physical basis than that provided by the
Smagorinsky model is required. Mason and Thomson [15] have shown that the Smagorinsky model is unable to reproduce
the correct logarithmic mean velocity profile near the surfacewth the inclusion of a stochastic backscatter model, a notable
improvement to the agreement between the mean velocity profile and the log law is obtained. The subgrid stress fluctuations
are scaled to give the correct backscatter rate, estimaiiegl pisysical and dimensional reasoning. While EDQNM theory [31]
provides an estimate of the backscatter in the flow interiorgtieeno theoretical basis for estimating the magnitude and detail
of the backscatter in the near-surface region [13]. The actual model constants were therefore tuned to provide agreement with
the log law.

The purpose of the present work is to carry out a quantitative analysis of the energy transfer between the resolved and the
subgrid scales, using DNS data of turbulent channel flow, and so quantify the magnitude of the backscatter. In particular, the
DNS data are used to assess the Mason and Thomson stochastic backscatter model [15]. By filtering the DNS data, the nature of
the interaction between the resolved antgrid scales can be investigated. The ditias which are available from the resolved
scales of a large-eddy simulation can also be calculated, and these are necessary for determining the energy transfer predicted
by the model. Analysis of the DNS data yields probability distributions of the energy transfer rate between the resolved and
subgrid scales, which can be compared ®gtobability distribution®btained from the Mason and Thomson model. In order
to account for the low Reynolds number of the DNS data, they are analysed so that production in the subgrid scales and direct
viscous dissipation in the resolved scales are separated out [3]. The principle concern to be addressed is whether or not stochastic
forcing provides a reliable model of backscatter in near-wall turbulence [24,25].

In the following section, the equations for large-eddy simulation are given. Section 3 presents the methodology for testing
the Mason and Thomson stochastic backscatter model. A brief description of the databases is provided in Section 4. The choice
of filters used in the analysis is discussed in Section 5, and in Section 6, consideration is given to the effects of using DNS data
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at low Reynolds number. Section 7 compares results of the analysis of energy transfers, obtained directly from the DNS data
with those from the stochastic backscatter model.

2. LESequations

The equations for the evolution of the resolved scales is obtained by filtering the Navier—Stokes equations:

dm; dwi;  1ap 9t VaZﬁ,»

ot " ox; | pox 9 9 ; @
t Xj p 0x; Xj Xjox;
and the filtered velocity field satisfies the continuity equation:
a "
o, @
ax,-

where tilde denotes a filtered quantity. Thentevhich represents the effect of the subgcales on the large, resolved scales is
the subgrid stress term:

Tijzuﬁj_ﬁiﬁf (3)

The energy transfer between resolved and subgrid scales is,

T =-7;5;, 4)
whereﬁ,» ; is the large-scale strain rate:

~ L om; duj

Si=2(— : 5

H 2<3x~/ + ox; ®)

T is taken to be positive when the energy transfer is from large scales to small scales, and negative when there is a reverse
transfer of energy. So that the subgrid stresses are trace-frednasésotlved strain-rate tensdretisotropic part of the subgrid
stress is usually removed and incorporated into the pressure term:
I 1
Ti(j )= Tij — éaijfkk- (6)
However, for consistency with the backscatter model, the subgrid-scale stress is always calculated using Eq. (3). Finally, the
subgrid-scale energy is given by:

Tk = Ul — Uiy (7)

3. Thestochastic backscatter model

The implementation of the stochastic backscatter model in the LES simulation is described in Mason and Thomson [15]. In
order to facilitate comparison, a complete outline of the model is provided Aqresterioritesting of the model has already
been performed by Mason and colleagues [11,13,15].

3.1. Energy transfer rate in the model

The random stress components used to model the backsaatided into the time-stepy, leap-frog scheme, in which
the random stresses are changed every second time-step. In the following analysis, the time scale for changes to the random
stresses id\r. Note that, in this section, the quantiti§&sandu; are the resolved quantities, where for clarity, tildes have not
been used to denote them.

Expressed in finite-difference terms, the time-stepping scheme is given by:
a7
u,~(t+At)=u,~(t)+f,~At+8 = At, (8)

Xj

where f; = V A ¢; and ¢; is the vector potential generated using random numbers, and scaled to give the correct energy
backscatter rate. The terfiAr represents the backscatter. The definition;efis given by the usual Smagorinsky [9] model
expression:

du;  Ouj
- ka3 I, 9
Tjj VLES( ox; o 9)
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wherey|gs, the eddy viscosity, is given by:

wes=12S, (10)
and
sm=|Z(— J : 11
|:2<8)Cj+8x,‘> ] (11)
The Smagorinsky length scalg,is usually, but not necessarily, related to the mesh gizéy:
1=CsA, (12)

whereCsy is the Smagorinsky constant.

Squaring Eq. (8) and retaining only a single terfi&r)?]:
81,-
ax

LAt + fi fiar, (13)
J

uiu; (t + At) =uju;(t) +2fiuiAl +2u,-

The A2 term has been retained as part of the random forcing term, because without it, the backscatter does not, on average,
cause a net input of energy. Thus:

3
wiui (t + A1) = wju; (1) + 2V - (§; Auj) At —2¢; - (V A uj) At +2— (u; 7)) At — 20 EsS2 At + | f; | Ar2. (14)
an —_—— ) — —
D 2 —_— 4 (5)

(©)
The various terms are interpreted as follows: (1) the backscatter transport, which is separated out to ensure that the
backscatter energy input is Galilean invariant; (2) the rangam of the backscatter energy input, which averages to zero;
(3) Smagorinsky transport; (4) Smagorinsky drain; (5) the systematic part of the backscatter energy, which has a non-zero
average.
Thus the rate of energy input to the resolved scales is calculated using only terms (2), (4) and (5) is:
rate of energy input —¢; - (V Au;) — vLESSZ +1fi |2At (15)

and|£;|2 is chosen to be of order/Ar so that the last term is O(1), while the first term on the right-hand side is much larger,
but zero on average.

3.2. Probaliity distribution function (pdf) of modelled energy transfer

Following Leslie and Quarini [14], the model is designed so that:

Mean backscatter rate Cp x ¢, (16)
whereg is the mean (subgrid) dissipation rate angl is a constant. Thus the net backscatter rate is given by:
|fiI?Ar = Cp(vesS? — | fiPAr) (17)
and:
c c
2 B 2 B ;2.3
At = SC=—71°5". 18
L fil Trcy, Es 15 C; (18)

Eqg. (18) represents the systematic backscatter. The random backscatter term is obtained by inttodheitength scale of
the ¢ variation. Thenp ~ (| f;1%1/2 x L. Noting from Eq. (15) that the random backscatter termy;is(V A u;), the gross
energy transfer ratd;, is given by:

1283 cp 1253
- 1+ CB (1 =+ CB At
where the first term on the right-hand side equadsid the second term is the random backscatterrasea Gaussian random
number with mear= 0 and variance= 1. In the interior of the flow] and L are likely to be the order of the filter scale, although
nearer the surface, the situation is more complicated.

To make a meaningful comparison between the energy transfer predicted by the model and that calculated using the DNS
data, it is assumed that the model is applied withof order the subgrid turbulent time scale:

12/3

1/2
> L-(V Auj)r, (19)
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where (¢) is the dissipation rate averaged over homogeneous planes of the DNS database. Allowing the backscatter term to
operate bi-directionally:

1253 Cr 1253 1/2
T= + B2 &Y3)  LIVAu (21)
1+Cp 1+Cp 12/3
Thus the modelled pdf of energy transfér,is estimated using:
1253 C 1/2
T = +aS%2(e) Y0V A u; 1123 —B> I, (22)
1+Cp 1+Cp ’

whereL is set to the filter scalé,, anda is a tuneable constant. The valuel 6§ adjusted so that the mean value of the model
pdf is the same as that calculated using the DNS data. The tuneable cangtdmtrder one), is introduced in order to account
for numerical constants ih ~ Iy, At ~12/3/()1/3 and uncertainty in the value @g, which is taken as 4. a is varied to
optimise agreement of the variances. Note that in Eqg. (22), even though the random nynth@&aussian|V A u;| is not.
ThereforeT is non-Gaussian also.

3.3. Treatment of near-surface effects

As the surface is approached, the main energy-containing eddies become smaller than the filter scale. In the implementation
of the model the mixing lengtl, is specified by the ‘matching condition’:
1 1 1

==+ —", 23
2 l§+(/c(z+zo))2 23)

wherex is the von Karman constant, and the exponent is adjusted to provide an optimum matchingthgighdiven by:

1\5

Cp= 1.4(—) , (24)
lo

wherelg is the mixing length in the flow interior, ang oc /s The exponent here derives from dimensional considerations of

the model random stress fluctuations [15].

4. DNSdatabases

The analysis uses DNS databases as described by Sandham and Howard [32]: data are available for Reynol&zsnjumber,
based on wall friction velocityy;, and channel half-heigh$, of 300. The domain is B3x 65 x 2§ in the x (streamwise),
y (spanwise) and (wall-normal) directions respectively. The number of grid points is 5866 x 160. The grid spacing
in the streamwise direction iax™ ~ 15 and in the spanwise direction isyt ~ 7. (Use of the superscript” with any
variable denotes non-dimensionalsation with wall variables.) The grid-spacing in the wall-normal direction becomes finer nearer
the wall due to Chebyschev-tau discretisation. The streamwise, spanwise and wall-normal velocity components are denoted,
respectively, byiq = u, up =v anduz = w. Fig. 1(a) shows the-component of the velocity spectra at three different values
of zT, non-dimensionalised using Kolmogorov’s universal scaling:

Eq1(k1)
(81)5)1/4

wherek* = kqn, kq is the wavenumber in the streamwise direction gnid the Kolmogorov length scale. Given that the
existence of an inertial subrange is important in the context of LES, it is important to determine whether or not it appears at
the Reynolds numbers of the DNS data. ValueRef are 820, 65.7 and 432 at values ot ™ = 68, 180 and 294 respectively.
Bradshaw [33] suggestBe; > 100 as a suitable criterion for the existence of a “first-order” inertial subrange, that is one in
which it is required that the transfer at any wavenumber is much larger than sources or sinks: local isotropy is not a formal
requirement. It is clear that only close to the wall dé¥es approach this value. Note that-&5/3 slope is not a sufficient
condition for the appearance of an indrabrange [34,33,35]. Moreover, with Koogorov scaling, which also defines
collapse of the spectra on a universal spectrum provides an indication of the region in wHi¢B alope (as distinct from an

inertial subrange) can be expected. In Fig. 1(a), this region is givef(k¥) = C(k*)~>/3, whereC ~ 0.49. Fig. 1(b) shows

energy spectra for the-component of velocity, which shows rather different behaviour at low wavenumbers owing to the
“impermeability constraint” wtih ‘blocks’ eddies at a distance from the wall that is roughly the inverse of the wavenumber.
Therefore, this component offers a more rigorous test for the existence Bfaregion which extends over a slightly narrower

= f(k"), (25)
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Fig. 1. Plots of (a)-spectra; (b)w-spectra and (c) Reynolds stress profiles. Straight line has slops/&fonly; its values are not those of the
inertial subrange.

range ofk* than that in Fig. 1(a). The estimates B¢, confirm that, near the lower limit of the logarithmic region-&/3
region can be expected. In Fig. 1(b), the inertial subrange constént i€. These considerations are important in terms of the
most appropriate choice of filter width. We address the is$tigessuitability of low-Reynolds-number DNS data to the subgid
model for high-Reynolds-number applications in Section 6.

5. Choiceof filters

The LES algorithm of Mason and Thomson uses implicit filtering; therefore the Smagorinsky lengtligaats the scale
of the filter (g is theoretically related to a filter scale;, by the expressions = lo/C y, whereC ; is approximately equal
to 0.2). Muschinski [12] shows how the value Gf determines the relative influence of the mesh sizelgrah the effective
spatial filter,lf. In the Mason and Thomson model, the shape of the effective filter is unclear. Muschinski also discusses the
effective filter shape produced by implicit filtering of locally isotropic turbulence: he suggests that it is similar to a “diffuse
cutoff of the inertial range TKE [turbulent kinetic energy] spectrum of Navier—Stokes turbulence at wavenumbers on the order
of n~1". For a comparison with the resolved scales in LES using a spectral method, Meneaveau [8] suggests that a Fourier
cutoff filter should be applied to the DNS data, while a box filter should be employed if a finite-difference scheme is used.
Furthermore, a Gaussian filter may produce resolved fields similar to those created by a large-eddy simulation which uses a
“(hypothetical) wavelet method”.
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1 if ki < K,’,
0 otherwise

Table 1

Non-dimensional filter widths att = 68. Dimen-

sional filter width does not vary with™

743

(26)

+
c K1n Kon A7
1 0.055 0.12 278
2 0.088 0.19 177
3 012 0.25 134
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Fig. 2. Filter definitions for ™ = 68.
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Fig. 3. LES modelling in high-Reynolds-number flow. Producti®m,and dissipationg, are well separated. The offt wavenumber lies in the
inertial range and the effect of the subgrid-scafesses is to drain the resolved scales at aF&fe=«.
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Fig. 4. Schematic diagram of the energy spectrum at low ReynoldbensmProduction and separatiore aot well separated. Production,
TMS occurs in the subgrid scales and direct viscous dissipatigmecurs in the resolved scales so thaf < «.

the Gaussian filter,
Gi = e k*a7/24, 27)
and the box filter,

G = { A if < A;/2

) (28)
0 otherwise

Here@,» is the Fourier coefficient of the filter function in thigh direction,K; = 27/A; is the cutoff wavenumber, and; is
the filter width in theith direction. In what follows, three cutoff wavenumbers are chosen, summarised in Table 1. Inspection
of Fig. 1 shows that these lie in the5/3 region.

The different types of filter have nominally the same widths, so that the effect of filter shape can be determined independently
of the effect of filter size; Lund [36] discusses how the width of a filter should be determined. Hartel and Kleiser [37] suggest that
when a filter other than the cutoff filter is used, the Leonard and cross stresses will both contain Galilean-invariant components
which cancel out if thesgquantities are sumnde Since in the present work the subgsigesses are analysed as a whole, and not
as individual components, then the effeof Galilean invariance are removed.
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In order to illustrate the relationship between the filters and the spectra, the filter shapes are plotted*agakigt 2.
has been calculated far~ = 68. At higher values of™, the values of non-dimensionalised wavenumber at which the filter
cutoffs occur will be slightly greater agincreases. Here, we define a filter “width” to be a width in wavenumber space for
the three filters defined above. All the filtering is carried out in Fourier space, using two-dimensional fast Fourier transform
routines, in homogeneous planes parallel to the wall. Explicit filtering in the wall-normal direction has not been carried out.
Murray et al. [26] show that two-dimensional filtering in planes parallel to the wall is equivalent to three-dimensional filtering

abovezt ~ 10.
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Fig. 8. Energy budget scaled on wall units; cutoff filtes: 2; Rey = 300.

6. Analysisof the energy budget at low Reynolds number

In order to investigate low-Reynolds-number effects, terms representing different processes in the energy budget are
considered. Following the analysis of Hartel et al. [3], the subgrid-scale transfer is separated into two contributions,

T=TMS4 7FS (29)
where

™S = (1;;)(S;), (30)
and

TFS_ (t, S/ ) (31)

The term7MS represents an enhancement of the subgrid scales due to the mean shear, and is the contribution to the energy
production by the subgrid scalegFS represents a redistribution of kinetic energy within the turbulence spectrum. Thus, in the
ideal high-Reynolds-number large-eddy simulation (as the model requires):

TFS—=¢,  TMS=0, ¢, =0, (32)

wheree, = v(S’2> is the mean viscous dissipation effected by the resolved scales. Schematic diagrams representing the
relationship between terms in the energy budget and the energy spectra are shown in Figs. 3 and 4 for the high and low
Reynolds number cases. In the low-Reynolds-number case, the dissipation is also effected by the resolved asalad| as

the subgrid scales. Thus, in general, the energy budget is given approximately by:

e~e, +TMS 4 TFS (33)

This relation becomes exact in the case of the Fourier cutoff filter and in the absence of transport which provides additional
sources or sinks at each wavenumber. For either the Gaussian filter, or the box filter, it is only ever approximate, even when
transport is zero. Low-Reynolds-number effects cause a decrease in the vaftrefative tos. Bradshaw's [33] criterion for

a “first-order” subrange suggests that, in order to optimise the analysis of low-Reynolds-number DNS data for emulating a high-
Reynolds-number large-eddy simulation, one should select the filter width (in wavenumber space) which gives the maximum
value of TFS. Then the combined effects of production by the subgrid scales and dissipation by resolved scales are minimised.
However, becaus&FS varies rapidly with; ™ and may take either sign, the optimum filter width will always depend to some
extent ongt.
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The extent to which the viscous dissipation is effected by the resolved scales is illustrated in Fig. 5¢wharaluated
using cutoff filters of different widths (see Fig. 2, and Table 1), is plotted withEven at the narrowest filter width, there is
a significant contribution to the viscous dissipation by the resolved scales throughout the channel. The effect of filter width on
the production of energy by the subgrid scalE& S+ is shown in Fig. 6 for the cutoff filter. In the near-wall region, there is
a significant contribution to the production by the subgrid scales, even when the cutoff is placed towards the high-wavenumber
end of the—5/3 region. At all filter widths, howeve MSis negligible in the flow interior where the mean strain rate is small,
and most of the energy-producing scales are resolved.

The effect of cutoff filter width on the energy transfer due to the fluctuating rate of sEAHY;, is shown in Fig. 7. The
shapes of the profiles are very similar to those in Hartel et al. [3], and illustrate that, for the narrower filters, there is significant
backscatter for+ ~ 15. Also shown isTS for two wider filters, denoted = 4, ¢ = 5 and which are, respectively, two and
four times wider than the = 3 case. If a much wider filter is used, backscatter is not apparent: At30, there is a clear trend
in the profiles:T':S increases with increasing filter width, reaches a maximunt fer3, after which it decreases. At smaller
2T, the trend is clear for the narrower filter widths, but not for the wider filters, where the valliESéontinues to increase.
Overall, this behaviour suggests that the optimum filter width is provided by, for which there is significant backscatter
and forward scatter anfiMS ande, are small at suitably larget. Fig. 2 shows that = 2 occurs in the middle of the.5/3
range of wavenumbers; = 0.088.
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In Fig. 8, the constituent terms of Eq. (33) are plotted together with their sum at the optimum cutoff filterawideh, The
sum of components is very similar ¢cfor z+ > 25 only. This is due to the viscous diffusion which is significantfér< 20.
Additionally, two-dimensional filtering becomes an inagte approximation to three-dimensional filtering fdr < 10 [26].
This analysis shows that, in the viscous sublay@f',s ande, are significant. At the much higher Reynolds numbers typical
for LES, the relative magnitudes of these terms will remain approximately the same when scaled on wall units. However, in
dimensional terms, the proportion of the channel over wiiM® ande, are significant decreases with increasing Reynolds
number, as the separation of the energy-producing and energy-dissipating scales becomes more distinct. Thus at much higher
Reynolds numbers, it is expected that the energy trangfewill be a result of only the difference between the true forward
scatter and backscatter over a larger fraction of the layer. Typically, Mason and Thomson [15] indicate that the first mesh point
in their LES is typically at 5 m, equivalent to~ ~ 10°.

7. Analysisof theenergy transfer, T

A more detailed comparison betweghSt and T+ is provided by an inspection of the unfiltered probability distribution
functions (pdf’s). These are scaled so that the area under the curve is equal to unity. These are shown in Fig. 9 for five different
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values ofz . They are markedly different only far™ < 50, above which it seems reasonable to model the energy trahsfer

a whole, rather than usingFS. Note that7FS* is positively skewed at all positions exceptzat = 11 where the backscatter

is greatest. Interestingly; ™ is positively skewed at all positions. Nearer the wall, it may be better to consider the E¥ths

and 7S separately in order to create a model with a sounder physical basis, since they represent different physical processes.
However, correct modelling of bothMS and 7FS relies on the accurate representation of the subgrid stresses, since these terms
arise through interactions of the subgrid stresses with the mean and fluctuating strain rates, respectively. Thus, it is possible that
both quantities might be adequately modelled by stochastic fluctuations.

7.1. Effects of filter shape and size

Owing to the inherent uncertainties associated with the effective filter shape in implicit filtering, a brief comparison of the
three filters is now made. The effects of filter width and shape are shown in Fig. 10, where profilevaiiated using the
cutoff filter, box filter and Gaussian filter have been plotted. The profiles for the cutoff and box filters are similar to those in
Piomelli et al. [5]
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The profiles show that the net energy transfer is greatest:iear10, where the production of turbulent kinetic energy is at
a maximum, and decreases towards the interior of the flow. The magnitdtie décreases as the filter width increases. There
is a corresponding decrease in the subgrid energy (Fig. 11) as the filter width increases, since the proportion of scales which are
below the cutoff is decreasin@.® is greater for the box and Gaussian filters than the cutoff filters at approximately equivalent
widths. This is because the box and Gaussian filters begin to drop off in Fourier space at wavenumbers below the cutoff, and
therefore they filter out a grest proportion of the energy contained in the kgrales. This effect is also illustrated by the
profiles of subgrid energy.

Probability distributions of’+ are plotted for the Fourier cutoff, box and Gaussian filters in Figs. 12, 13 and 14, respectively.
For each filter type, pdf’s are shown for filters= 1 andc = 2 atz+ = 47, 128 and 300. In order to make these results as relevant
as possible to the Mason and Thomson model, the valye ef 47 is taken to be the lowest position as this is the one at which
there is reasonable agreement between the pdf&toaind 7FSt. At each value o+, the pdf's have been plotted with the
samex-axis range for the different filter types for ease of comparison. For the cutoff and box filters, the peak value of the pdf
decreases as the filter width (in wavenumber space) increases. For the Gaussian filter, the opposite occurs. These changes are
most marked at* = 47. In all three cases, the effect of increasing filter width is to reduce the mean. Yet, only in the cases of
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the box and Gaussian filters does this correspond to a decrease of the variance; for the cutoff filter, the variance increases. As
the filter width increases, the transfer from resolved scales to subgrid sTﬁ%&(T) occurs at higher wavenumbers. This
appears to produce a greater proportion of instantaneous energy transfers with smaller magnitude. It is evident that the variance
for all filters decreases ag increases. The variances for the cutoff filters are larger than those for the box and Gaussian filters.
Real-space quantities such &sdefined using a Fourier-space filter will lead to negative filter values within the oscillations
exhibited by the cutoff filter in real space. This produces unphysical effects, while the box and Gaussian filters have similar
transfer functions for real-gge quantities. Owing to the similgr between the Gaussian and bfitker statistics, the former

are not considered further.

7.2. PDF’s of energy transfer conditional on the strain rate squared
Contours of the joint pdf of energy transfé@r, and normalised strain rate squarﬁgfr, are plotted in Fig. 15 for the cutoff

filter, ¢ = 1. The distributions are not normalised; instead, they show the number of points with certain valifesuod §3+
such that the area under the envelope of the contours sums to unity. They are generated over three timesteps separated by ten
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eddy turnover times, to provide reasonably smooth distributions. They show that, as is commonly accepted, the subgrid-scale
stresses cannot be determined uniquely from the resolved strain rate squared, since for one&l/;'ﬁuetm‘re is a range of

possible values of *. Thus the usual Smagorinsky model equation linking the strain rate to the subgrid stresses (Eq. (9)) is
unlikely to be adequate. A§5+ increases, the variances of the probability distributions increase. This is in agreement with
the equation for the modelled probability distribution (Eq. (22)), in which the variances of the generated distributions are
proportional to§3 This suggests that there is a reasonably sound basis to the model.

7.3. Model PDF's of energy transfef,

The probability distributions of modelled energy transfer, evaluated using Eq. (22), are plotted in Fig. 16, for the cutoff filter,
¢ =1 at each of the three planes, = 47, 117 and 180. For comparison, the distributions obtained directly from the DNS data
are also plotted. The modelled distributions have been evaluated using three values of the tuneable c8nrstart,@5. In
order to minimize the number of free constants, the value of the cor@jahtis been kept at the same value @ffor all values
of zT, and has not been adjusted according to Eq. (24). Therefore the model pdf’s can be expected to have greater validity away
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from the surface. Similarly, the value of the length scalés not calculated using Eq. (23); rathéis chosen so that the first
term of Eq. (22) is matched to the mean transfer calculated from the DNS data. The valimslfated in this way have a
smaller magnitude than if Eq. (23) were used. Also, it is found that the filter wigtl, //0.2. This procedure means that
may be adjusted to optimise agreement between the model and DNS variances. The pdf moments are shown in Table 2. The
corresponding distributions for the box filter= 1, are plotted in Fig. 17, and their moments are given in Table 3. For the box
filter, 0.2 < a <0.4.

It should be expected that the model distributions are most likely to match the DNS distributions away from the surface:
those forzt = 180 show that this is the case, for both filters of width, This is also the case for both filters of widd®
(not shown). Generally, the agreementvietn the variances is better in the caseheftiox filter and this agreement improves
aszT increases, or equivalently, the variance of the DNS data decreases. The optimum valoerefises as the distance to
the surface decreases, while it might be be expecteditbhbuld decrease in order to allow for a decrease in the value of the
constantCp, in Eq. (24). However, the actual changes in pdf of the DNS datafitare rather more complicated. The most
significant difficulty lies in the insensitivity of the model to changes ifor the planes used here. For both filters, the decrease
in optimum value of: between;t = 47 andz™ = 180 is not monotonic: the apparent optimum value at z ™ = 117 is many
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times the values required at the other two heights. This issue is not really important at the much larger vafuasvatfich

the model is likely to be applied. The higher moments show a further, related difficulty: the actual pdf's are much more non-
Gaussian than the model suggests and the model is unable to predict the large changes in skewness which iszegadive at

and 117, but positive at™ = 180. In general therefore, the model places undue emphasis on transfers of small magnitude and
the actual transfers are significantly more bi-directional in nature.

8. Discussion and conclusions

DNS databases of turbulent channel flonRa = 300 have been used to analyse the energy transfer between resolved and
subgrid scales. The use of low-Reynolds-number data has impartalitations for their analysis [3,19]: the energy transfer,
T, contains componentEMS and 7FS which arise from the interactions of the subgrid stresses with the mean and fluctuating
strain rates, respectively. At the meteorological Reynolds numbers at which the Mason and Thomson model isT%?)Iied,
will be negligible at large+ andTFS~¢. Similarly, the resolved-scale dissipatian,~ 0 away from the surface.
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Table 2
Moments of pdf’s of energy transfef,: DNS data and Mason and Thomson model; cutoff filter, c1
a Mean Variance Skewness Flatness
=47 DNS data &1x 1073 6.40x 102 —1.51 155 x 103
0.3 670x 1073 9.52x 10°3 -1.77 81.7
0.4 667 x 1073 1.65x 102 —-1.20 68.7
0.5 662 x 103 2.49x 102 —0.842 56.8
7t =117 DNS data 25x 1074 317x 1072 —~19.9 112 x 10*
0.3 325x 1074 2.06x 104 —1.56 211 x 107
0.4 325x 1074 3.63x 1074 —1.12 200 x 107
0.5 323x 1074 555x 1074 —0.822 179 x 107
z+ =180 DNS data P3x 1073 1.73x 1074 3.91x 10° 5.77 x 108
0.3 303x 1073 3.21x 1075 —351 53.2
0.4 303x 1073 464x 1075 —2.73 49.4
0.5 302x 1073 6.64x 107 —-3.16 437
Table 3
Moments of pdf’s of energy transfef,: DNS data and Mason and Thomson model; box filter, c1
a Mean Variance Skewness Flatness
it =47 DNS data D3x 1072 1.12x 1072 —3.06x 107 6.57 x 10*
0.2 103 x 1072 156x 1073 —3.44 35.7
0.3 103 x 1072 3.15x 1073 —2.57 34.7
0.4 103 x 1072 5.37x 1073 —2.02 34.1
=117 DNS data ®4x 1073 486x 1073 —2.96x 103 5.96 x 10°
0.2 660x 104 491x 1075 —7.46 246 x 107
0.3 662 x 104 1.04x 1074 -5.31 240 x 107
0.4 663 x 104 1.81x 1074 —4.07 237 x 102
z+ =180 DNS data T0x 1073 2.89x 1075 1.93x 107 2.26 x 1010
0.2 170x 1073 1.26x 107 —4.94 47.7
0.3 170x 1073 1.97x 1075 —4.61 50.9
0.4 170x 1073 2.97x 1075 —4.07 51.3

An examination of the DNS data shows that, fof > 50, TMS is negligible so thatr ~ TFS. Detailed analysis of the
pdf's of energy transfefl’, have been performed and compared with those generated using the Mason and Thomson stochastic
backscatter model with the first moment matched to the valdegifen by the DNS data. Using a single tuneable constant to
match the variances, the model reproduces pdf’s of roughly the correct shape, except that the magnitudes of the skewness and
flatness are significantly underestimated. The model appears to be insufficiently sensitive to the details of the energy transfer
even at large™ where it is supposed that the model will work well. The difficulty arises in the t€¥m, «;|, in the model,
Eqg. (22), that represents the physical influence of the turbulence. This is the curl of the velocity or vorticity. However, Dunn
and Morrsion [22] have recently shown that it is the non-lineemte/hich is the most intermitte, and therefore the term in
the equations of motion that is responsible for the large skewness and flatness of the transfer term. A possible improvement to
the model might therefore be to replace this term with one of the fagdy; /dx ;, which would enable a better shape of pdf to
be generated. In turn, this would make it easier to optimise the model by using as few constants as possible. This becomes even
more important at smait where the net transfer is the small difference between forward scatter and backscatter, both of large
magnitude but of opposite sign. The development of a similar stochastic modé&ffavould enable the use of the backscatter
model at smallez™.

In dealing with real-space quantities such7agand the backscatter model is defined in real space also), it appears that the
box filter describes better the effective filter produced by the implicit filtering of the Mason and Thomson [15] LES code. This
is in agreement with the suggestion by Meneveau [8]. By comparison, the cutoff filter places undue emphasis on transfers of
small magnitude that are caused by a real-space reduction of filter amplitude at displacements tegakhan

Fig. 9 shows that, in the viscous sublayer, the pdf’?gfS are significantly non-Gaussian, the sign of the skewness largely
determining the sign of the mean. Thuszdt = 5, both the first and third moments are positive, whilegat= 11, they
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are both negative. It is therefore likely that the backscatter model would not perform well in the sublayer, although a much
more important issue is the inadequacy of the log law asoffrttie-wall” surface boundary condition, as used by Mason and
Thomson [15]. This problem has not yet been fully addressed, although recent attempts have been made [38]. The inadequacy
of the Smagorinsky model is illustratedrther by the probability distribuins of energy transfer conditional &ﬁ* These

show that the subgrid stresses cannot simply be related to the resolved strain rate, since for oneSNgélua adnge of values

of T are possible. However, the variances of the pdf’s increase with increﬁ%ﬁﬁgwhich is in agreement with the Mason
and Thomson backscatter model. '

A further question that remains unanswered is the relevahtieegpresent results obtained using low-Reynolds-number
data to the meteorological Reynolds numbers at which the stochastic backscatter model is applied. Even with the analysis that
separated /s from T, itis likely that energy transfer mechanisms in the wall region do not scale simply with Reynolds number.
Recent experimental evidence [39] suggests that the peak of energy productiaff reab increases with Reynolds number
when scaled on wall units. This implies that spectral transfer further from the surface does also, and that this outer-layer, “top—
down” effect contributes to the near-surface dynamics. Owing to the way in which the model pdf's were generated by matching
the first moment to that of the DNS data, the single free constant will not have relevance to the model constants whan used in
posterioritests at high Reynolds number. The implication is that, because of the very large changes in the higher moments of
the actual transfer with height, the first moment that would be predicted in such tests will also be similarly sensitive. Therefore
an attempt at improving the model in predicting the skewness as suggested above is a logical next step. Further development
should surely involve the effects of surface roughness intrinsic to the near-surface behaviour of geophysical boundary layers.
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