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Abstract

The stochastic backscatter model of Mason and Thomson (1992) has been analysed using direct numerical s
databases of turbulent channel flow atReδ = 300. Backscatter is quantified using a number of different filters with cu
at wavenumbers corresponding to an inertial subrange at high Reynolds numbers. Since the model finds greatest ap
meteorological Reynolds numbers, the implications of using low-Reynolds-number data are addressed. Probability distributions
of the energy transfer obtained both directly from the DNS data and using the stochastic model are compared by ma
first moments and using a single tuneable constant to optimise agreement of the variances. It is found that the probability
distributions essentially have the same shape, illustrating the model’s ability to represent the backscatter correctly o
viscous sublayer. However, the model consistently underestimates the non-Gaussian behaviour of the energy transfe
suggestions have been made to remedy this. Probability distributions of the energy transfer conditional on the square of t
resolved strain rate show that a range of values of transfer exist for one value of strain rate.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction

Large-eddy simulation (LES) of turbulent flow involves the explicit calculation of the large-scale, resolved motion
the spatially filtered Navier–Stokes equations. The energy transfer between the resolved scales and unresolved, “subg
is modelled. General reviews are provided by Spalart [1] and Jiménez and Moser [2]. The well-founded premise of LE
turbulence exhibits a greater degree of universality in the small scales compared with the turbulence field taken as
and therefore a successful closure, with a wider range of application, is more likely to be achieved by LES than by
of the Reynolds-averaged equations. However, a particular difficulty in LES is how best to model the net drain of ene
the resolved scales to the subgrid scales. Many workers [3–8] have shown that, in fact, the transfer is bi-directional
non-linear interactions between the resolved scales and the subgrid scales cause both “forward scatter” (positive tran
the resolved scales) as well as “backscatter”, the reverse transfer of energy from the subgrid to the resolved scales.

Most traditional subgrid modelling is based on the Smagorinsky model [9] which employs a simple eddy viscosity to rela
the resolved-scale strain rate to the subgrid stresses. Simulation of the interior flow is relatively insensitive to the c
subgrid model (Bardina et al. [10], Mason and Brown [11]), since, away from a surface, most of the energy-containin
are resolved and the details of the subgridmotions havelittle effect. Thus the theoretical basis for large-eddy simulation
reasonably well-founded because the division of the resolved and subgrid scales can occur in an inertial subrange, resu
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entirely by the resolved scales and the dissipation by the subgrid scales. In the case of implicit filtering, Muschinski [
Kolmogorov’s theory to define suitable values for the Smagorinsky coefficient and to illustrate how its value determines
relationship between the filter length scale and the mesh size.

However, such models are unable to represent the complicatedenergy-transfer processes occurring near surfaces, whe
the eddies are ‘small’ and where backscatter predominates [13], because, invariably, they use the concept of an eddy visc
which is, by definition, absolutely dissipative. A negative value of eddy viscosity can lead to numerical instability. F
scatter and backscatter are defined by the filter – they are notnecessarily the same as the spectral flux of energy in Fo
space across a given wavenumber. Evidence for the existence of backscatter is provided by the theoretical work of L
Quarini [14], who suggest that backscatter should be modelled separately from the energy drain. In particular they s
the backscatter rate in the inertial subrange scales with the mean turbulence dissipation rate,ε. A number of workers [15,16
have developed subgrid models which are able to represent backscatter. In particular, Mason and Thomson [15], L
and Schumann [18] have used the Smagorinsky model as the basis for their subgrid models, but have added ran
fluctuations which give rise to stochastic backscatter.

The advent of accurate direct numerical simulation (DNS) databases has made possible numerous studies on th
nature of the subgrid stresses and energy transfers [5,3,19]: these studies show that, in the viscous sublayer, regions
scatter and backscatter are correlated with the appearance of coherent structures which occur intermittently in time and sp
Meneveau [8] has used a wavelet decomposition of the fluctuating part of the velocity field to identify regions of large
transfer in sheared homogeneous turbulence. Dunn and Morrison [20–23] have used similar algorithms to investigat
of structure in the anisotropy of energy transfer, nearly all of which involves subgrid flux of streamwise momentum in th
normal and spanwise directions. They also show that, consistent with nearly all current subgrid models, the pressure
term effects negligible energy transfer. Akhavan et al. [24] have shown that spectral energy transfer arises through
well as non-local interactions. The non-local interactions lead to forward scatter and therefore are suitably modelle
eddy viscosity. However, the local transfers are bi-directional and arise through the presence of organised vortical s
This suggests that they are unlikely to be modelled successfully by a stochastic force. Dunn and Morrison [22] find
divison between non-local and local transfers in wall turbulence. Using the dynamic subgrid model, Carati et al. [25] ha
a detailed assessment of stochastic and deterministic models of backscatter in isotropic decaying and forced turbul
suggest that the way in which backscatter is accounted for does not appear to play a major role in the simulations. Exp
data, which are not restricted to the low Reynolds numbers of DNS data, have also been used to analyse the subgrid s
to evaluate the performance of subgrid models [26,27]. Meneveau [28] has suggested that the low-order statistics of t
transfer are a sufficent condition fora subgrid model to be considered sound.

In high-Reynolds-number LES of wall-bounded flows, it is important to use an “off-the-surface” boundary condition in ord
to avoid resolution of the viscous wall region [29]. For the lack of an alternative, many workers have used the logarith
despite the fact that it does not apply to the time-resolved flow field [30]. Moreover, in the vicinity of the matching
(that between the surface and the lowest mesh point), the bi-directional transfer of energy between the resolve
and the subgrid scales will be large. Therefore a subgrid model with a stronger physical basis than that provide
Smagorinsky model is required. Mason and Thomson [15] have shown that the Smagorinsky model is unable to r
the correct logarithmic mean velocity profile near the surface, but with the inclusion of a stochastic backscatter model, a not
improvement to the agreement between the mean velocity profile and the log law is obtained. The subgrid stress flu
are scaled to give the correct backscatter rate, estimated using physical and dimensional reasoning. While EDQNM theory [
provides an estimate of the backscatter in the flow interior, there is no theoretical basis for estimating the magnitude and d
of the backscatter in the near-surface region [13]. The actual model constants were therefore tuned to provide agree
the log law.

The purpose of the present work is to carry out a quantitative analysis of the energy transfer between the resolve
subgrid scales, using DNS data of turbulent channel flow, and so quantify the magnitude of the backscatter. In parti
DNS data are used to assess the Mason and Thomson stochastic backscatter model [15]. By filtering the DNS data, th
the interaction between the resolved and subgrid scales can be investigated. The quantities which are available from the resolve
scales of a large-eddy simulation can also be calculated, and these are necessary for determining the energy transfe
by the model. Analysis of the DNS data yields probability distributions of the energy transfer rate between the reso
subgrid scales, which can be compared to the probability distributionsobtained from the Mason and Thomson model. In or
to account for the low Reynolds number of the DNS data, they are analysed so that production in the subgrid scales
viscous dissipation in the resolved scales are separated out [3]. The principle concern to be addressed is whether or no
forcing provides a reliable model of backscatter in near-wall turbulence [24,25].

In the following section, the equations for large-eddy simulation are given. Section 3 presents the methodology fo
the Mason and Thomson stochastic backscatter model. A brief description of the databases is provided in Section 4. T
of filters used in the analysis is discussed in Section 5, and in Section 6, consideration is given to the effects of using D
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at low Reynolds number. Section 7 compares results of the analysis of energy transfers, obtained directly from the DNS data
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2. LES equations

The equations for the evolution of the resolved scales is obtained by filtering the Navier–Stokes equations:

∂ũi

∂t
+ ∂ũi ũj

∂xj
= − 1

ρ

∂p̃

∂xi
− ∂τij

∂xj
+ ν

∂2ũi

∂xj ∂xj
; (1)

and the filtered velocity field satisfies the continuity equation:

∂ũi

∂xi
= 0, (2)

where tilde denotes a filtered quantity. The term which represents the effect of the subgrid scales on the large, resolved scale
the subgrid stress term:

τij = ũiuj − ũi ũj . (3)

The energy transfer between resolved and subgrid scales is,

T = −τij S̃ij , (4)

whereS̃ij is the large-scale strain rate:

S̃ij = 1

2

(
∂ũi

∂xj
+ ∂ũj

∂xi

)
. (5)

T is taken to be positive when the energy transfer is from large scales to small scales, and negative when there is
transfer of energy. So that the subgrid stresses are trace-free as is the resolved strain-rate tensor, the isotropic part of the subgri
stress is usually removed and incorporated into the pressure term:

τ
(I )
ij

= τij − 1

3
δij τkk. (6)

However, for consistency with the backscatter model, the subgrid-scale stress is always calculated using Eq. (3). F
subgrid-scale energy is given by:

τkk = ũkuk − ũkũk . (7)

3. The stochastic backscatter model

The implementation of the stochastic backscatter model in the LES simulation is described in Mason and Thomso
order to facilitate comparison, a complete outline of the model is provided here.A posterioritesting of the model has alread
been performed by Mason and colleagues [11,13,15].

3.1. Energy transfer rate in the model

The random stress components used to model the backscatter are added into the time-stepping, leap-frog scheme, in whic
the random stresses are changed every second time-step. In the following analysis, the time scale for changes to t
stresses is�t . Note that, in this section, the quantitiesS andui are the resolved quantities, where for clarity, tildes have
been used to denote them.

Expressed in finite-difference terms, the time-stepping scheme is given by:

ui(t + �t) = ui(t) + fi�t + ∂τij

∂xj
�t, (8)

wherefi = ∇ ∧ φi and φi is the vector potential generated using random numbers, and scaled to give the correct
backscatter rate. The termfi�t represents the backscatter. The definition ofτij is given by the usual Smagorinsky [9] mod
expression:

τij = νLES

(
∂ui

∂xj
+ ∂uj

∂xi

)
, (9)
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whereνLES, the eddy viscosity, is given by:
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νLES = l2s S, (10)

and

Sm =
[

1

2

(
∂ui

∂xj
+ ∂uj

∂xi

)2]m/2
. (11)

The Smagorinsky length scale,l, is usually, but not necessarily, related to the mesh size,∆, by:

l = Cs∆, (12)

whereCs is the Smagorinsky constant.
Squaring Eq. (8) and retaining only a single term O[(�t)2]:

uiui (t + �t) = uiui (t) + 2fiui�t + 2ui

∂τij

∂xj
�t + fifi�t2. (13)

The�t2 term has been retained as part of the random forcing term, because without it, the backscatter does not, on
cause a net input of energy. Thus:

uiui (t + �t) = uiui (t) + 2∇ · (φi ∧ ui)�t︸ ︷︷ ︸
(1)

−2φi · (∇ ∧ ui)�t︸ ︷︷ ︸
(2)

+2
∂

∂xj
(uiτij )�t︸ ︷︷ ︸
(3)

−2νLESS2�t︸ ︷︷ ︸
(4)

+|fi |2�t2︸ ︷︷ ︸
(5)

. (14)

The various terms are interpreted as follows: (1) the backscatter transport, which is separated out to ensure
backscatter energy input is Galilean invariant; (2) the randompart of the backscatter energy input, which averages to z
(3) Smagorinsky transport; (4) Smagorinsky drain; (5) the systematic part of the backscatter energy, which has a
average.

Thus the rate of energy input to the resolved scales is calculated using only terms (2), (4) and (5) is:

rate of energy input= −φi · (∇ ∧ ui) − νLESS2 + |fi |2�t (15)

and|fi |2 is chosen to be of order 1/�t so that the last term is O(1), while the first term on the right-hand side is much la
but zero on average.

3.2. Probability distribution function (pdf) of modelled energy transfer

Following Leslie and Quarini [14], the model is designed so that:

Mean backscatter rate= CB × ε, (16)

whereε is the mean (subgrid) dissipation rate andCB is a constant. Thus the net backscatter rate is given by:

|fi |2�t = CB

(
νLESS2 − |fi |2�t

)
(17)

and:

|fi |2�t = CB

1+ CB
νLESS2 = CB

1+ CB
l2S3. (18)

Eq. (18) represents the systematic backscatter. The random backscatter term is obtained by introducingL, the length scale o
the φ variation. Thenφ ∼ (|fi |2)1/2 × L. Noting from Eq. (15) that the random backscatter term isφi · (∇ ∧ ui), thegross
energy transfer rate,T , is given by:

T = l2S3

1+ CB
+

(
CB

1+ CB

l2S3

�t

)1/2
L · (∇ ∧ ui)r, (19)

where the first term on the right-hand side equalsε and the second term is the random backscatter rate.r is a Gaussian random
number with mean= 0 and variance= 1. In the interior of the flow,l andL are likely to be the order of the filter scale, althou
nearer the surface, the situation is more complicated.

To make a meaningful comparison between the energy transfer predicted by the model and that calculated using
data, it is assumed that the model is applied with�t of order the subgrid turbulent time scale:

�t ∼ l2/3

〈ε〉1/3
, (20)
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where〈ε〉 is the dissipation rate averaged over homogeneous planes of the DNS database. Allowing the backscatter term to
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T = l2S3

1+ CB
±

(
CB

1+ CB

l2S3

l2/3
〈ε〉1/3

)1/2
L|∇ ∧ ui |r. (21)

Thus the modelled pdf of energy transfer,T , is estimated using:

T = l2S3

1+ CB
± aS3/2〈ε〉1/6|∇ ∧ ui |l2/3

(
CB

1+ CB

)1/2
lf r, (22)

whereL is set to the filter scale,lf anda is a tuneable constant. The value ofl is adjusted so that the mean value of the mo
pdf is the same as that calculated using the DNS data. The tuneable constant,a (of order one), is introduced in order to accou
for numerical constants inL ∼ lf , �t ∼ l2/3/〈ε〉1/3 and uncertainty in the value ofCB , which is taken as 1.4. a is varied to
optimise agreement of the variances. Note that in Eq. (22), even though the random number,r , is Gaussian,|∇ ∧ ui | is not.
ThereforeT is non-Gaussian also.

3.3. Treatment of near-surface effects

As the surface is approached, the main energy-containing eddies become smaller than the filter scale. In the imple
of the model the mixing length,l, is specified by the ‘matching condition’:

1

l2
= 1

l20

+ 1

(κ(z + z0))2
, (23)

whereκ is the von Kármán constant, and the exponent is adjusted to provide an optimum matching height.CB is given by:

CB = 1.4
(

l

l0

)5
, (24)

wherel0 is the mixing length in the flow interior, andl0 ∝ lf . The exponent here derives from dimensional consideration
the model random stress fluctuations [15].

4. DNS databases

The analysis uses DNS databases as described by Sandham and Howard [32]: data are available for Reynolds nuReδ ,
based on wall friction velocity,uτ , and channel half-height,δ, of 300. The domain is 13δ × 6δ × 2δ in the x (streamwise),
y (spanwise) andz (wall-normal) directions respectively. The number of grid points is 256× 256× 160. The grid spacing
in the streamwise direction is�x+ ≈ 15 and in the spanwise direction is�y+ ≈ 7. (Use of the superscript ‘+’ with any
variable denotes non-dimensionalsation with wall variables.) The grid-spacing in the wall-normal direction becomes fin
the wall due to Chebyschev-tau discretisation. The streamwise, spanwise and wall-normal velocity components are
respectively, byu1 = u, u2 = v andu3 = w. Fig. 1(a) shows theu-component of the velocity spectra at three different val
of z+, non-dimensionalised using Kolmogorov’s universal scaling:

E11(k1)

(εν5)1/4
= f (k∗), (25)

wherek∗ = k1η, k1 is the wavenumber in the streamwise direction andη is the Kolmogorov length scale. Given that t
existence of an inertial subrange is important in the context of LES, it is important to determine whether or not it ap
the Reynolds numbers of the DNS data. Values ofReλ are 82.0,65.7 and 43.2 at values ofz+ = 68, 180 and 294 respectively
Bradshaw [33] suggestsReλ � 100 as a suitable criterion for the existence of a “first-order” inertial subrange, that is o
which it is required that the transfer at any wavenumber is much larger than sources or sinks: local isotropy is not
requirement. It is clear that only close to the wall doesReλ approach this value. Note that a−5/3 slope is not a sufficien
condition for the appearance of an inertial subrange [34,33,35]. Moreover, with Kolmogorov scaling, which also definesε,
collapse of the spectra on a universal spectrum provides an indication of the region in which a−5/3 slope (as distinct from a
inertial subrange) can be expected. In Fig. 1(a), this region is given byf (k∗) = C(k∗)−5/3, whereC ≈ 0.49. Fig. 1(b) shows
energy spectra for thew-component of velocity, which shows rather different behaviour at low wavenumbers owing
“impermeability constraint” which ‘blocks’ eddies at a distance from the wall that is roughly the inverse of the wavenu
Therefore, this component offers a more rigorous test for the existence of a−5/3 region which extends over a slightly narrow
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Fig. 1. Plots of (a)u-spectra; (b)w-spectra and (c) Reynolds stress profiles. Straight line has slope of−5/3 only; its values are not those of th
inertial subrange.

range ofk∗ than that in Fig. 1(a). The estimates ofReλ confirm that, near the lower limit of the logarithmic region, a−5/3
region can be expected. In Fig. 1(b), the inertial subrange constant is4

3 × C. These considerations are important in terms of
most appropriate choice of filter width. We address the issue of the suitability of low-Reynolds-number DNS data to the sub
model for high-Reynolds-number applications in Section 6.

5. Choice of filters

The LES algorithm of Mason and Thomson uses implicit filtering; therefore the Smagorinsky length scale,l0, sets the scale
of the filter (l0 is theoretically related to a filter scale,lf , by the expressionlf = l0/Cf , whereCf is approximately equa
to 0.2). Muschinski [12] shows how the value ofCs determines the relative influence of the mesh size andl0 on the effective
spatial filter,lf . In the Mason and Thomson model, the shape of the effective filter is unclear. Muschinski also discus
effective filter shape produced by implicit filtering of locally isotropic turbulence: he suggests that it is similar to a “d
cutoff of the inertial range TKE [turbulent kinetic energy] spectrum of Navier–Stokes turbulence at wavenumbers on t
of η−1”. For a comparison with the resolved scales in LES using a spectral method, Meneaveau [8] suggests that
cutoff filter should be applied to the DNS data, while a box filter should be employed if a finite-difference scheme i
Furthermore, a Gaussian filter may produce resolved fields similar to those created by a large-eddy simulation whi
“(hypothetical) wavelet method”.
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Owing to the uncertainty in the effective filter shape, the following filters are used with the DNS data: the Fourier cutoff

filter,

Ĝi =
{

1 if ki < Ki,

0 otherwise; (26)

Table 1
Non-dimensional filter widths atz+ = 68. Dimen-
sional filter width does not vary withz+

c K1η K2η �+
1 �+

2

1 0.055 0.12 278 129
2 0.088 0.19 177 82
3 0.12 0.25 134 62

Fig. 2. Filter definitions forz+ = 68.
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Fig. 3. LES modelling in high-Reynolds-number flow. Production,P , and dissipation,ε, are well separated. The cutoff wavenumber lies in the
inertial range and the effect of the subgrid-scale stresses is to drain the resolved scales at a rateT FS= ε.

Fig. 4. Schematic diagram of the energy spectrum at low Reynolds numbers. Production and separation are not well separated. Productio
T MS, occurs in the subgrid scales and direct viscous dissipation,εν , occurs in the resolved scales so thatT FS< ε.

the Gaussian filter,

Ĝi = e−k2�2
i /24; (27)

and the box filter,

Gi =
{

1/�i if |xi | � �i/2,

0 otherwise.
(28)

HereĜi is the Fourier coefficient of the filter function in theith direction,Ki = 2π/�i is the cutoff wavenumber, and�i is
the filter width in theith direction. In what follows, three cutoff wavenumbers are chosen, summarised in Table 1. Insp
of Fig. 1 shows that these lie in the−5/3 region.

The different types of filter have nominally the same widths, so that the effect of filter shape can be determined indep
of the effect of filter size; Lund [36] discusses how the width of a filter should be determined. Härtel and Kleiser [37] sugg
when a filter other than the cutoff filter is used, the Leonard and cross stresses will both contain Galilean-invariant com
which cancel out if thesequantities are summed. Since in the present work the subgridstresses are analysed as a whole, and
as individual components, then the effects of Galilean invariance are removed.
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Fig. 5. Effect of filter width on resolved-scale dissipation,ε+
ν ; cutoff

filter; Reδ = 300.
Fig. 6. Effect of filter width onT MS+; cutoff filter; Reδ = 300.

Fig. 7. Effect of filter width onT FS+; cutoff filter; Reδ = 300.

In order to illustrate the relationship between the filters and the spectra, the filter shapes are plotted againstk∗ in Fig. 2.η
has been calculated forz+ = 68. At higher values ofz+, the values of non-dimensionalised wavenumber at which the
cutoffs occur will be slightly greater asη increases. Here, we define a filter “width” to be a width in wavenumber spac
the three filters defined above. All the filtering is carried out in Fourier space, using two-dimensional fast Fourier tra
routines, in homogeneous planes parallel to the wall. Explicit filtering in the wall-normal direction has not been carr
Murray et al. [26] show that two-dimensional filtering in planes parallel to the wall is equivalent to three-dimensional fi
abovez+ 	 10.
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Fig. 8. Energy budget scaled on wall units; cutoff filter,c = 2; Reδ = 300.

6. Analysis of the energy budget at low Reynolds number

In order to investigate low-Reynolds-number effects, terms representing different processes in the energy bu
considered. Following the analysis of Härtel et al. [3], the subgrid-scale transfer is separated into two contributions,

T = T MS+ T FS, (29)

where

T MS= 〈τij 〉〈S̃ij

〉
, (30)

and

T FS= 〈τ ′
ij S̃′

ij 〉. (31)

The termT MS represents an enhancement of the subgrid scales due to the mean shear, and is the contribution to t
production by the subgrid scales.T FS represents a redistribution of kinetic energy within the turbulence spectrum. Thus,
ideal high-Reynolds-number large-eddy simulation (as the model requires):

T FS= ε, T MS= 0, εν = 0, (32)

where εν = ν〈S̃′2
ij

〉 is the mean viscous dissipation effected by the resolved scales. Schematic diagrams represe
relationship between terms in the energy budget and the energy spectra are shown in Figs. 3 and 4 for the high
Reynolds number cases. In the low-Reynolds-number case, the dissipation is also effected by the resolved scales,εν , as well as
the subgrid scales. Thus, in general, the energy budget is given approximately by:

ε ≈ εν + T MS+ T FS. (33)

This relation becomes exact in the case of the Fourier cutoff filter and in the absence of transport which provides a
sources or sinks at each wavenumber. For either the Gaussian filter, or the box filter, it is only ever approximate, ev
transport is zero. Low-Reynolds-number effects cause a decrease in the value ofT FS relative toε. Bradshaw’s [33] criterion for
a “first-order” subrange suggests that, in order to optimise the analysis of low-Reynolds-number DNS data for emulatin
Reynolds-number large-eddy simulation, one should select the filter width (in wavenumber space) which gives the m
value ofT FS. Then the combined effects of production by the subgrid scales and dissipation by resolved scales are m
However, becauseT FS varies rapidly withz+ and may take either sign, the optimum filter width will always depend to s
extent onz+.
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Fig. 9. Pdf’s ofT + andT FS+ at different values ofz+.
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Fig. 10. Effect of filter on profiles of energy transfer,T +: (a) cutoff; (b) box and (c) Gaussian filters.

The extent to which the viscous dissipation is effected by the resolved scales is illustrated in Fig. 5, whereε+
ν , evaluated

using cutoff filters of different widths (see Fig. 2, and Table 1), is plotted withε+. Even at the narrowest filter width, there
a significant contribution to the viscous dissipation by the resolved scales throughout the channel. The effect of filter
the production of energy by the subgrid scales,T MS+, is shown in Fig. 6 for the cutoff filter. In the near-wall region, there
a significant contribution to the production by the subgrid scales, even when the cutoff is placed towards the high-wav
end of the−5/3 region. At all filter widths, however,T MS is negligible in the flow interior where the mean strain rate is sm
and most of the energy-producing scales are resolved.

The effect of cutoff filter width on the energy transfer due to the fluctuating rate of strain,T FS+, is shown in Fig. 7. The
shapes of the profiles are very similar to those in Härtel et al. [3], and illustrate that, for the narrower filters, there is sig
backscatter forz+ ≈ 15. Also shown isT FS for two wider filters, denotedc = 4, c = 5 and which are, respectively, two an
four times wider than thec = 3 case. If a much wider filter is used, backscatter is not apparent. Atz+ ≈ 30, there is a clear tren
in the profiles:T FS increases with increasing filter width, reaches a maximum forc = 3, after which it decreases. At small
z+, the trend is clear for the narrower filter widths, but not for the wider filters, where the value ofT FS continues to increase
Overall, this behaviour suggests that the optimum filter width is provided byc = 2, for which there is significant backscatt
and forward scatter andT MS andεν are small at suitably largez+. Fig. 2 shows thatc = 2 occurs in the middle of the−5/3
range of wavenumbers,k∗ = 0.088.
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Fig. 11. Effect of filter on profiles of subgrid energy,τkk : (a) cutoff; (b) box and (c) Gaussian filters.

In Fig. 8, the constituent terms of Eq. (33) are plotted together with their sum at the optimum cutoff filter width,c = 2. The
sum of components is very similar toε for z+ � 25 only. This is due to the viscous diffusion which is significant forz+ � 20.
Additionally, two-dimensional filtering becomes an inaccurate approximation to three-dimensional filtering forz+ < 10 [26].
This analysis shows that, in the viscous sublayer,T MS andεν are significant. At the much higher Reynolds numbers typ
for LES, the relative magnitudes of these terms will remain approximately the same when scaled on wall units. How
dimensional terms, the proportion of the channel over whichT MS andεν are significant decreases with increasing Reyno
number, as the separation of the energy-producing and energy-dissipating scales becomes more distinct. Thus at m
Reynolds numbers, it is expected that the energy transfer,T , will be a result of only the difference between the true forw
scatter and backscatter over a larger fraction of the layer. Typically, Mason and Thomson [15] indicate that the first me
in their LES is typically at 5 m, equivalent toz+ ≈ 105.

7. Analysis of the energy transfer, T

A more detailed comparison betweenT FS+ andT + is provided by an inspection of the unfiltered probability distribut
functions (pdf’s). These are scaled so that the area under the curve is equal to unity. These are shown in Fig. 9 for five



750 P.S. Westbury et al. / European Journal of Mechanics B/Fluids 23 (2004) 737–758

r
r

s
rocesses.
e terms
ssible that

of the

hose in
Fig. 12. Effect of filter width on PDFs ofT +; cutoff filter.

values ofz+. They are markedly different only forz+ < 50, above which it seems reasonable to model the energy transfeT as
a whole, rather than usingT FS. Note thatT FS+ is positively skewed at all positions except atz+ = 11 where the backscatte
is greatest. Interestingly,T + is positively skewed at all positions. Nearer the wall, it may be better to consider the termT MS

andT FS separately in order to create a model with a sounder physical basis, since they represent different physical p
However, correct modelling of bothT MS andT FS relies on the accurate representation of the subgrid stresses, since thes
arise through interactions of the subgrid stresses with the mean and fluctuating strain rates, respectively. Thus, it is po
both quantities might be adequately modelled by stochastic fluctuations.

7.1. Effects of filter shape and size

Owing to the inherent uncertainties associated with the effective filter shape in implicit filtering, a brief comparison
three filters is now made. The effects of filter width and shape are shown in Fig. 10, where profiles ofT evaluated using the
cutoff filter, box filter and Gaussian filter have been plotted. The profiles for the cutoff and box filters are similar to t
Piomelli et al. [5]



P.S. Westbury et al. / European Journal of Mechanics B/Fluids 23 (2004) 737–758 751

at
ere
which are

valent
utoff, and
he

tively.
vant
hich
e
the pdf
hanges are

ases of
Fig. 13. Effect of filter width on PDFs ofT +; box filter.

The profiles show that the net energy transfer is greatest nearz+ = 10, where the production of turbulent kinetic energy is
a maximum, and decreases towards the interior of the flow. The magnitude ofT + decreases as the filter width increases. Th
is a corresponding decrease in the subgrid energy (Fig. 11) as the filter width increases, since the proportion of scales
below the cutoff is decreasing.T + is greater for the box and Gaussian filters than the cutoff filters at approximately equi
widths. This is because the box and Gaussian filters begin to drop off in Fourier space at wavenumbers below the c
therefore they filter out a greater proportion of the energy contained in the large scales. This effect is also illustrated by t
profiles of subgrid energy.

Probability distributions ofT + are plotted for the Fourier cutoff, box and Gaussian filters in Figs. 12, 13 and 14, respec
For each filter type, pdf’s are shown for filtersc = 1 andc = 2 atz+ = 47,128 and 300. In order to make these results as rele
as possible to the Mason and Thomson model, the value ofz+ = 47 is taken to be the lowest position as this is the one at w
there is reasonable agreement between the pdf’s ofT + andT FS+. At each value ofz+, the pdf’s have been plotted with th
samex-axis range for the different filter types for ease of comparison. For the cutoff and box filters, the peak value of
decreases as the filter width (in wavenumber space) increases. For the Gaussian filter, the opposite occurs. These c
most marked atz+ = 47. In all three cases, the effect of increasing filter width is to reduce the mean. Yet, only in the c
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Fig. 14. Effect of filter width on PDFs ofT +; Gaussian filter.

the box and Gaussian filters does this correspond to a decrease of the variance; for the cutoff filter, the variance inc
the filter width increases, the transfer from resolved scales to subgrid scales (T FS ≈ T ) occurs at higher wavenumbers. Th
appears to produce a greater proportion of instantaneous energy transfers with smaller magnitude. It is evident that th
for all filters decreases asz+ increases. The variances for the cutoff filters are larger than those for the box and Gaussia
Real-space quantities such asT defined using a Fourier-space filter will lead to negative filter values within the oscilla
exhibited by the cutoff filter in real space. This produces unphysical effects, while the box and Gaussian filters hav
transfer functions for real-space quantities. Owing to the similarity between the Gaussian and box-filter statistics, the forme
are not considered further.

7.2. PDF’s of energy transfer conditional on the strain rate squared

Contours of the joint pdf of energy transfer,T +, and normalised strain rate squared,S̃ 2+
ij , are plotted in Fig. 15 for the cuto

filter, c = 1. The distributions are not normalised; instead, they show the number of points with certain values ofT + andS̃ 2+
ij

such that the area under the envelope of the contours sums to unity. They are generated over three timesteps sepa
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Fig. 15. Contours of joint pdf’s of energy transfer,T +/S̃ 2+
ij

; cutoff filter c = 1. (a) z+ = 47; (b) z+ = 128; (c)z+ = 300; contour values
0.1,1.0,10,100.

eddy turnover times, to provide reasonably smooth distributions. They show that, as is commonly accepted, the sub
stresses cannot be determined uniquely from the resolved strain rate squared, since for one value ofS̃ 2+

ij
, there is a range o

possible values ofT +. Thus the usual Smagorinsky model equation linking the strain rate to the subgrid stresses (Eq
unlikely to be adequate. As̃S 2+

ij increases, the variances of the probability distributions increase. This is in agreeme
the equation for the modelled probability distribution (Eq. (22)), in which the variances of the generated distributi
proportional tõS 3

ij . This suggests that there is a reasonably sound basis to the model.

7.3. Model PDF’s of energy transfer,T

The probability distributions of modelled energy transfer, evaluated using Eq. (22), are plotted in Fig. 16, for the cuto
c = 1 at each of the three planes,z+ = 47,117 and 180. For comparison, the distributions obtained directly from the DNS
are also plotted. The modelled distributions have been evaluated using three values of the tuneable constant, 0.3 � a � 0.5. In
order to minimize the number of free constants, the value of the constantCB has been kept at the same value of 1.4 for all values
of z+, and has not been adjusted according to Eq. (24). Therefore the model pdf’s can be expected to have greater val
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Fig. 16. Comparison between model pdf’sof T and pdf’s from DNS data; cutoff filter,c = 1. (a)z+ = 47; (b)z+ = 117; (c)z+ = 180.

from the surface. Similarly, the value of the length scale,l, is not calculated using Eq. (23); rather,l is chosen so that the firs
term of Eq. (22) is matched to the mean transfer calculated from the DNS data. The values ofl evaluated in this way have
smaller magnitude than if Eq. (23) were used. Also, it is found that the filter width,lf > l/0.2. This procedure means thata

may be adjusted to optimise agreement between the model and DNS variances. The pdf moments are shown in Ta
corresponding distributions for the box filter,c = 1, are plotted in Fig. 17, and their moments are given in Table 3. For the
filter, 0.2 � a � 0.4.

It should be expected that the model distributions are most likely to match the DNS distributions away from the
those forz+ = 180 show that this is the case, for both filters of width,c1. This is also the case for both filters of width,c2
(not shown). Generally, the agreement between the variances is better in the case of the box filter and this agreement improv
asz+ increases, or equivalently, the variance of the DNS data decreases. The optimum value ofa increases as the distance
the surface decreases, while it might be be expected thata should decrease in order to allow for a decrease in the value o
constant,CB , in Eq. (24). However, the actual changes in pdf of the DNS data withz+ are rather more complicated. The mo
significant difficulty lies in the insensitivity of the model to changes ina for the planes used here. For both filters, the decre
in optimum value ofa betweenz+ = 47 andz+ = 180 is not monotonic: the apparent optimum value ofa atz+ = 117 is many
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Fig. 17. Comparison between model pdf’sof T and pdf’s from DNS data; box filter,c = 1. (a)z+ = 47; (b)z+ = 117; (c)z+ = 180.

times the values required at the other two heights. This issue is not really important at the much larger values ofz+ at which
the model is likely to be applied. The higher moments show a further, related difficulty: the actual pdf’s are much mo
Gaussian than the model suggests and the model is unable to predict the large changes in skewness which is negativez+ = 47
and 117, but positive atz+ = 180. In general therefore, the model places undue emphasis on transfers of small magnit
the actual transfers are significantly more bi-directional in nature.

8. Discussion and conclusions

DNS databases of turbulent channel flow atReδ = 300 have been used to analyse the energy transfer between resolv
subgrid scales. The use of low-Reynolds-number data has importantimplications for their analysis [3,19]: the energy transf
T , contains componentsT MS andT FS which arise from the interactions of the subgrid stresses with the mean and fluct
strain rates, respectively. At the meteorological Reynolds numbers at which the Mason and Thomson model is applT MS

will be negligible at largez+ andT FS	 ε. Similarly, the resolved-scale dissipation,εν 	 0 away from the surface.
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Table 2
Moments of pdf’s of energy transfer,T : DNS data and Mason and Thomson model; cutoff filter, c1
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a Mean Variance Skewness Flatnes

z+ = 47 DNS data 6.71× 10−3 6.40× 10−2 −1.51 1.55× 103

0.3 6.70× 10−3 9.52× 10−3 −1.77 81.7
0.4 6.67× 10−3 1.65× 10−2 −1.20 68.7
0.5 6.62× 10−3 2.49× 10−2 −0.842 56.8

z+ = 117 DNS data 3.25× 10−4 3.17× 10−2 −19.9 1.12× 104

0.3 3.25× 10−4 2.06× 10−4 −1.56 2.11× 102

0.4 3.25× 10−4 3.63× 10−4 −1.12 2.00× 102

0.5 3.23× 10−4 5.55× 10−4 −0.822 1.79× 102

z+ = 180 DNS data 3.03× 10−3 1.73× 10−4 3.91× 105 5.77× 108

0.3 3.03× 10−3 3.21× 10−5 −3.51 53.2
0.4 3.03× 10−3 4.64× 10−5 −2.73 49.4
0.5 3.02× 10−3 6.64× 10−5 −3.16 43.7

Table 3
Moments of pdf’s of energy transfer,T : DNS data and Mason and Thomson model; box filter, c1

a Mean Variance Skewness Flatness

z+ = 47 DNS data 1.03× 10−2 1.12× 10−2 −3.06× 102 6.57× 104

0.2 1.03× 10−2 1.56× 10−3 −3.44 35.7
0.3 1.03× 10−2 3.15× 10−3 −2.57 34.7
0.4 1.03× 10−2 5.37× 10−3 −2.02 34.1

z+ = 117 DNS data 6.64× 10−3 4.86× 10−3 −2.96× 103 5.96× 105

0.2 6.60× 10−4 4.91× 10−5 −7.46 2.46× 102

0.3 6.62× 10−4 1.04× 10−4 −5.31 2.40× 102

0.4 6.63× 10−4 1.81× 10−4 −4.07 2.37× 102

z+ = 180 DNS data 1.70× 10−3 2.89× 10−5 1.93× 107 2.26× 1010

0.2 1.70× 10−3 1.26× 10−5 −4.94 47.7
0.3 1.70× 10−3 1.97× 10−5 −4.61 50.9
0.4 1.70× 10−3 2.97× 10−5 −4.07 51.3

An examination of the DNS data shows that, forz+ > 50, T MS is negligible so thatT 	 T FS. Detailed analysis of the
pdf’s of energy transfer,T , have been performed and compared with those generated using the Mason and Thomson s
backscatter model with the first moment matched to the value ofT given by the DNS data. Using a single tuneable constan
match the variances, the model reproduces pdf’s of roughly the correct shape, except that the magnitudes of the ske
flatness are significantly underestimated. The model appears to be insufficiently sensitive to the details of the energ
even at largez+ where it is supposed that the model will work well. The difficulty arises in the term,|∇ ∧ ui |, in the model,
Eq. (22), that represents the physical influence of the turbulence. This is the curl of the velocity or vorticity. Howeve
and Morrsion [22] have recently shown that it is the non-linear term which is the most intermittent, and therefore the term i
the equations of motion that is responsible for the large skewness and flatness of the transfer term. A possible impro
the model might therefore be to replace this term with one of the form,uj ∂ui/∂xj , which would enable a better shape of pdf
be generated. In turn, this would make it easier to optimise the model by using as few constants as possible. This bec
more important at smallz+ where the net transfer is the small difference between forward scatter and backscatter, both
magnitude but of opposite sign. The development of a similar stochastic model forT ms would enable the use of the backscat
model at smallerz+.

In dealing with real-space quantities such asT (and the backscatter model is defined in real space also), it appears th
box filter describes better the effective filter produced by the implicit filtering of the Mason and Thomson [15] LES cod
is in agreement with the suggestion by Meneveau [8]. By comparison, the cutoff filter places undue emphasis on tra
small magnitude that are caused by a real-space reduction of filter amplitude at displacements less thanπ/2Ki .

Fig. 9 shows that, in the viscous sublayer, the pdf’s ofT FS are significantly non-Gaussian, the sign of the skewness lar
determining the sign of the mean. Thus atz+ = 5, both the first and third moments are positive, while atz+ = 11, they
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are both negative. It is therefore likely that the backscatter model would not perform well in the sublayer, although a much
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more important issue is the inadequacy of the log law as an “off-the-wall” surface boundary condition, as used by Mason
Thomson [15]. This problem has not yet been fully addressed, although recent attempts have been made [38]. The in
of the Smagorinsky model is illustrated further by the probability distributions of energy transfer conditional oñS 2+

ij
. These

show that the subgrid stresses cannot simply be related to the resolved strain rate, since for one value ofS̃ 2+
ij

, a range of values

of T + are possible. However, the variances of the pdf’s increase with increasingS̃ 2+
ij , which is in agreement with the Maso

and Thomson backscatter model.
A further question that remains unanswered is the relevance of the present results obtained using low-Reynolds-num

data to the meteorological Reynolds numbers at which the stochastic backscatter model is applied. Even with the an
separatesT f s from T , it is likely that energy transfer mechanisms in the wall region do not scale simply with Reynolds nu
Recent experimental evidence [39] suggests that the peak of energy production nearz+ ≈ 15 increases with Reynolds numb
when scaled on wall units. This implies that spectral transfer further from the surface does also, and that this outer-lay
down” effect contributes to the near-surface dynamics. Owing to the way in which the model pdf’s were generated by m
the first moment to that of the DNS data, the single free constant will not have relevance to the model constants whena
posteriori tests at high Reynolds number. The implication is that, because of the very large changes in the higher mo
the actual transfer with height, the first moment that would be predicted in such tests will also be similarly sensitive. T
an attempt at improving the model in predicting the skewness as suggested above is a logical next step. Further de
should surely involve the effects of surface roughness intrinsic to the near-surface behaviour of geophysical boundary
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